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Abstract
We demonstrate that the Standard Model amplitude for f1f¯2 →W±Z at the
Born-level exhibits an approximate zero located at cos θ = (gf1− + g
f2
− )/(g
f1
− −
gf2− ) at high energies, where the g
fi
− (i = 1, 2) are the left-handed couplings of
the Z-boson to fermions and θ is the center of mass scattering angle of the
W -boson. The approximate zero is the combined result of an exact zero in the
dominant helicity amplitudes M(±,∓) and strong gauge cancelations in the
remaining amplitudes. For non-standard WWZ couplings these cancelations
no longer occur and the approximate amplitude zero is eliminated.
Although the electroweak Standard Model (SM) based on an SUL(2)
⊗
UY(1) gauge the-
ory has been very successful in describing contemporary high energy physics experiments,
the three vector-boson couplings predicted by this non-Abelian gauge theory remain largely
untested experimentally. Careful studies of these couplings, for example in di-boson pro-
duction in e+e− or hadronic collisions, may allow us not only to test the non-Abelian gauge
structure of the SM [1], but also to explore new physics at higher mass scales [2].
The reaction p p
(−) → W±γ is of special interest due to the presence of a zero in the
amplitude of the parton-level subprocess q1q¯2 →W±γ at [3]
cos θ =
Q1 +Q2
Q1 −Q2 , (1)
where θ is the scattering angle of the W -boson with respect to the quark (q1) direction, and
Qi (i = 1, 2) are the quark charges in units of the proton electric charge e. This zero is
a consequence of the factorizability [4] of the amplitudes in gauge theories into one factor
which contains the gauge coupling dependence and another which contains spin information.
Although the factorization holds for any four-particle Born-level amplitude in which one or
more of the four particles is a gauge-field quantum, the amplitudes for most processes may
not necessarily develop a kinematical zero in the physical region. The amplitude zero in the
W±γ process has been further shown to correspond to the absence of dipole radiation by
colliding particles with the same charge-to-mass ratio [5], a realization of classical radiation
interference. This phenomenon may make it possible to measure the magnetic dipole moment
and electric quadrupole moment of the W -boson [6,7].
In this Letter we study in detail the helicity amplitudes of the analogous process
f1(p1) f¯2(p2)→W (pw) Z(pz) , (2)
where fi represents a quark or lepton and pi denotes the particle four-momentum. The three
lowest order Feynman diagrams contributing to the process f1f¯2 →WZ are shown in Fig. 1.
The helicity amplitudes for this process can be written as
M(λw, λz) = F ǫ∗µ(pw, λw) ǫ∗ν(pz, λz) V (p2) T µν
1
2
(1− γ5)U(p1) , (3)
1
where λw (λz) denotes the W (Z) boson polarization (λ = ±1, 0 for transverse and longitu-
dinal polarizations, respectively), ǫ denotes the weak-boson polarization vector, and U (V )
represents the fermion (anti-fermion) spinor. The factor F contains coupling factors,
F = C
e2√
2 sin θw
, (4)
where θw is the weak mixing angle, and C is a color factor; for leptons C = 1 and for quarks
C = δi1i2 Vf1f2 . Here i1 (i2) is the color index of the incoming quark (antiquark) and Vf1f2
is the quark mixing matrix element. In the SM the tensor T µν is, in the limit of massless
fermions,
T µν = gf1− γ
µ (p/1−p/z)
u
γν + gf2− γ
ν (p/1−p/w)
t
γµ +
QW cot θw
s−M2W
[
(p/
z
−p/
w
) gµν + 2pνwγ
µ − 2pµzγν
]
, (5)
where the slash denotes a contraction with a Dirac gamma matrix, p/ ≡ pµγµ, MW is the
W -boson mass, QW is the electric charge of the outgoingW -boson, and g
fi
− are the couplings
of the Z-boson to left-handed fermions:
gf− =
1
sin θw cos θw
(T f3 −Qf sin2 θw) . (6)
In Eq. (6), T f3 = ±12 represents the third component of the weak isospin and Qf is the
electric charge of the fermion f . The kinematic variables are defined by
s = (p1 + p2)
2 , t = (p1 − pw)2 = −s
2
(α− β cos θ) , u = (p1 − pz)2 = −s
2
(α+ β cos θ) , (7)
where
α = 1− rw − rz , β = (α2 − 4rwrz)1/2 , rv = M
2
V
s
, (8)
with V = W , Z, and θ is the center of mass scattering angle of the W -boson with respect
to the fermion (f1) direction. In the SM, the SUL(2)
⊗
UY(1) gauge structure relates the
Z-boson to fermion couplings to the triple gauge-boson WWZ coupling by
gf1− − gf2− = QW cot θw . (9)
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Using Eq. (9) and the kinematic identity s+ t+u = M2W +M
2
Z , the amplitude in Eq. (3)
can be rewritten as
M(λw, λz) = F
s
V (p2)
[
X
(
A/ − t
s−M2W
Γ/
)
+ Y Γ/
]
(1− γ5)U(p1) , (10)
where X and Y are combinations of coupling factors
X =
s
2
(
gf1−
u
+
gf2−
t
)
, Y = gf1−
M2Z s
2 u (s−M2W )
, (11)
and
A/ = 2 p1·ǫ∗w ǫ/∗z + ǫ/∗z ǫ/∗w p/w , Γ/ = 2
[
ǫ∗w·ǫ∗z p/z + pw·ǫ∗z ǫ/∗w − pz·ǫ∗w ǫ/∗z
]
, (12)
contain the spin dependent parts. Γ/ acts as a projection operator on the J = 1 partial wave
amplitudes. The form of the helicity amplitudes given in Eq. (10) is very convenient for
studying the factorization properties of the WZ production amplitudes and for comparing
with the helicity amplitudes for q1q¯2 → Wγ. It is obvious that without the term Y , which
is proportional to M2Z , the helicity amplitudes would factorize. In this case all amplitudes
would simultaneously vanish for gf1− /u+ g
f2
− /t = 0, in analogy to the Wγ case.
Further insight can be obtained from the explicit expressions for the helicity amplitudes
M(λw, λz). Working in the parton center of mass frame, Eq. (10) yields
M(±,∓) = F sin θ
(
λw − cos θ
)
X , (13)
M(±,±) = F sin θ
[(
λw(rz − rw)− β + cos θ + β α− β cos θ
1− rw
)
X + 2βY
]
, (14)
M(0, 0) = F sin θ√
2rw2rz
[(
−βρ+ βwβz cos θ + βρ α− β cos θ
1− rw
)
X + 2βρY
]
, (15)
M(±, 0) = F (1− λw cos θ)√
2rz
[(
2λwrz − β + βz cos θ + β α− β cos θ
1− rw
)
X + 2βY
]
, (16)
M(0,±) = F (1 + λz cos θ)√
2rw
[(
−2λzrw − β + βw cos θ + β α− β cos θ
1− rw
)
X + 2βY
]
, (17)
where βw, βz, and ρ are combinations of the kinematic invariants,
3
βw = 1 + rw − rz , βz = 1− rw + rz , ρ = 1 + rw + rz . (18)
The amplitudes given in Eqs. (13) – (17) contain the main results of our paper. They
exhibit several interesting features. M(±,∓) receive contributions only from J ≥ 2 partial
waves, i.e., only from the u and t-channel fermion-exchange diagrams (see Fig. 1a and b).
The (±,∓) amplitudes therefore do not depend on Y and thus factorize. They vanish for
gf1−
u
+
gf2−
t
= 0 , or cos θ0 =
α
β
(
gf1− + g
f2
−
gf1− − gf2−
)
. (19)
The existence of the zero in M(±,∓) at cos θ0 is a direct consequence of the contributing
Feynman diagrams and the left-handed coupling of the W -boson to fermions. Unlike the
W±γ case with its massless photon kinematics, the zero has an energy dependence through α
and β which is, however, rather weak for energies sufficiently above the WZ mass threshold.
More explicitly, for s≫ M2V , the zero is located at
cos θ0 ≃


1
3
tan2 θw ≃ 0.1 for du¯→W−Z ,
− tan2 θw ≃ −0.3 for e−ν¯e →W−Z ,
−1
3
tan2 θw ≃ −0.1 for ud¯→W+Z ,
tan2 θw ≃ 0.3 for νee+ →W+Z .
At high energies, s ≫ M2V , strong cancelations occur between the various terms in the
square brackets in Eqs. (14) – (17) and only the (±,∓) and (0, 0) amplitudes remain non-
zero:
M(±,∓) −→ F
sin θ
(λw − cos θ)
[
(gf1− − gf2− ) cos θ − (gf1− + gf2− )
]
, (20)
M(0, 0) −→ F
2
sin θ
MZ
MW
(gf2− − gf1− ) . (21)
Note that the amplitudes do not fully factorize in the high energy limit due to the survival
of M(0, 0). Because the Y term in Eq. (10) behaves like (M2Z/s) ǫ∗wǫ∗z at high energies, one
might naively expect that the amplitudes completely factorize for s ≫ M2V as in the Wγ
case. However, for longitudinally polarized vector bosons ǫ∗v ∼
√
s/MV and thus the (0, 0)
amplitude remains finite.
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The combined effect of the zero inM(±,∓) and the gauge cancelations at high energies
in the remaining helicity amplitudes results in an approximate zero for the f1f¯2 → W±Z
differential cross section at cos θ ≈ cos θ0. This is illustrated in Fig. 2 where we show the
differential cross sections for e−ν¯e →W−Z and du¯→W−Z,
dσ(λw, λz)
d cos θ
=
β
32πs
|M(λw, λz)|2 , (22)
(the over-line denotes the fermion-spin and color averaged squared matrix element) for
(λw, λz) = (±,∓) and (0, 0), as well as the unpolarized cross section, which is obtained
by summing over all W - and Z-boson helicity combinations (solid line). Although the ma-
trix elements are calculated at
√
s = 2 TeV, the results differ little from those obtained
in the high energy limit. For both reactions, the total differential cross section displays a
pronounced minimum at the location of the zero inM(±,∓). Due to the 1/ sin θ behaviour
ofM(±,∓), the (+,−) and (−,+) amplitudes dominate outside of the region of the zero. In
order to demonstrate the influence of the zero in M(±,∓) on the total angular differential
cross section, we have included the cos θ distribution for e+e− → ZZ in Fig. 2a, normalized
to the e−ν¯e → W−Z cross section at cos θ = 0.9 (long dashed line). The zero in the (±,∓)
amplitudes causes the minimum in the WZ case to be much more pronounced than the
minimum in e+e− → ZZ.
Figure 3 illustrates the energy dependence of the differential cross section. At
√
s =
0.2 TeV, i.e. close to the threshold, contributions from the (±,±), (±, 0), and (0,±) am-
plitudes are all important. These amplitudes do not factorize in terms of X and therefore
tend to eliminate the approximate zero (dotted lines). Above threshold, these contribu-
tions rapidly diminish, as exemplified by the curves for
√
s = 0.5 TeV (dashed lines) and
√
s = 2 TeV (solid lines). Note that the location of the minimum varies only slightly with
energy.
The results obtained so far demonstrate that the SM WZ cross section exhibits an
approximate kinematical zero in the physical region in the high energy limit. This behavior
is due to the combined effect of an exact zero in M(±,∓) and strong cancelations in the
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remaining amplitudes. Non-standardWWZ couplings spoil these cancelations and eliminate
the approximate zero. To illustrate this, we consider the general C and P conserving effective
Lagrangian [1]
LWWZ = −i e cotθw
[
g1 (W
†
µνW
µZν −W †µZνW µν) + κW †µWνZµν +
λ
M2W
W †λµW
µ
ν Z
νλ
]
, (23)
where W µ and Zµ are the W− and Z fields, respectively, and Vµν = ∂µVν−∂νVµ, V = W, Z.
In the SM at tree level, g1 = 1, κ = 1, and λ = 0. The contributions to the WZ production
amplitudes from the anomalous couplings ∆g1 = g1 − 1, ∆κ = κ− 1, and λ are
∆M(±,∓) = 0 , (24)
∆M(±,±) = F
2
QW cot θw
1− rw β sin θ
[
∆g1 +∆κ+
λ
rw
]
, (25)
∆M(0, 0) = F
2
QW cot θw
1− rw
β sin θ√
2rw2rz
2
[
∆g1(1 + rw) + ∆κ rz
]
, (26)
∆M(±, 0) = F
2
QW cot θw
1− rw
β(1− λw cos θ)√
2rz
[
2∆g1 + λ
rz
rw
]
, (27)
∆M(0,±) = F
2
QW cot θw
1− rw
β(1 + λz cos θ)√
2rw
[
∆g1 +∆κ + λ
]
. (28)
The amplitudes given in Eqs. (24) – (28) agree with those of Refs. [8] apart from terms
proportional to (M2Z −M2W )/s in ∆M(0, 0). The expression given in Eq. (26) corrects a
minor error in Ref. [8].
Due to angular momentum conservation, the (±,∓) amplitudes which dominate in the
SM do not receive any contributions from the anomalous couplings. The amplitude zero
in these channels thus remains exact. All other helicity amplitudes are modified in the
presence of non-standard WWZ couplings. At high energies the anomalous contributions
grow proportional to
√
s (s) for ∆κ (∆g1 and λ) and thus could dominate the cross section.
λ, ∆g1, and ∆κ contribute predominantly to the (±,±), (0, 0), and (0,±) amplitudes,
respectively [9]. The influence of non-standard WWZ couplings on the differential cross
section is illustrated in Fig. 4, where we compare dσ/d cos θ for du¯→W−Z at√s = 500 GeV
for λ = 0.1, ∆g1 = 0.2, and ∆κ = 0.5 (solid lines) with the SM result (dashed lines).
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Besides the total cross section, we also display the cross section for the helicity state which
produces the largest non-standard contribution for the given anomalous coupling. In each
case displayed, the approximate zero present in the SM is completely eliminated by the
anomalous coupling.
We finally comment briefly on observable signals of the approximate zero in WZ pro-
duction in the SM. eνe or µνµ collisions above the WZ threshold would in principle provide
a clean environment, and the location of the zero at cos θ0 ≈ ±0.3 is ideal for experimental
studies of the W±Z final state, unlike the case for e−ν¯e → W−γ where the zero is located
at the kinematical boundary, cos θ = 1 [3]. In the foreseeable future WZ production can
be studied most easily in hadronic collisions. Since the high energy limit of the helicity
amplitudes is approached very rapidly above threshold, the approximate amplitude zero in
the SM results in a dip in the distribution of the Z-boson rapidity in the parton center of
mass frame in p p
(−) → WZ, in complete analogy to the dip in the photon center of mass
rapidity distribution which signals the radiation zero in Wγ production [7]. Alternatively,
one can study W -Z rapidity correlations where a similar dip occurs [10].
In summary, we have demonstrated that the amplitude for f1f¯2 → W±Z at Born-
level exhibits an approximate zero in the SM in the physical region at high energies. The
approximate zero is the combined result of an exact zero in M(±,∓) and strong gauge
cancelations in the remaining helicity amplitudes. The zero in the (±,∓) amplitudes is a
direct consequence of the contributing Feynman diagrams and the left-handed coupling of
the W -boson to fermions. Anomalous WWZ couplings spoil the gauge cancelations and
eliminate the effect. The approximate amplitude zero leads to a pronounced dip in the Z-
boson center of mass rapidity distribution in p p
(−) →WZ, which in principle can be observed
experimentally.
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FIGURES
FIG. 1. Feynman diagrams contributing to the Born-level subprocess f1f¯2 →WZ.
FIG. 2. Differential cross section dσ(λw, λz)/d cos θ versus the W
− scattering angle θ in the
center of mass frame for the Born-level processes (a) e−ν¯e → W−Z and (b) du¯ → W−Z. The
dashed, dotted, and dash-dotted curves are for (λw, λz) = (0, 0), (+,−), and (−,+), respectively.
The solid line represents the total (unpolarized) cross section. For comparison, the long dashed
curve in (a) shows the e+e− → ZZ cross section, normalized to the e−ν¯e →W−Z cross section at
cos θ = 0.9.
FIG. 3. Differential cross section dσ/d cos θ versus the W− scattering angle θ in the center
of mass frame for the Born-level processes (a) e−ν¯e → W−Z and (b) du¯ → W−Z. The dotted,
dashed, and solid curves are for
√
s = 0.2, 0.5, and 2 TeV, respectively.
FIG. 4. Differential cross sections for the subprocess du¯ → W−Z at √s = 500 GeV with
anomalous couplings as defined in Eq. (23). Parts a), b), and c) are for λ = 0.1, ∆g1 = 0.2,
and ∆κ = 0.5, respectively. The solid (dashed) lines give the total differential cross section with
(without) anomalous WWZ couplings. The dotted curves show the cross section for the helicity
state which produces the largest non-standard contribution for the given anomalous coupling.
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